Learning notes: Gaussian measures, equivalence, and the aquifer
prior
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These notes go slowly through the mathematics behind the gw_demarcation experiment. Every
figure is produced by a Jupyter notebook in this folder, so each statement can be checked by running
code. Chapter 1 pairs with 01_feldman_hajek.ipynb.
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1 Feldman—Hajek: when are two Gaussian priors “the same kind
of thing”?

Why we care. In the project we have a reference prior P, the stationary SPDE (k3 — A)u = ¢,
and alternatives @) in which wells, a leakage bump, or a conductivity lens are added. Whenever
we compare, learn, or sample, we implicitly use the density ratio d@/dP: likelihood ratios, KL
divergences, MCMC acceptance ratios, “correct the reference by a few directions”. On a fixed
mesh this ratio always exists. The question is whether it survives mesh refinement. If it does not,
every one of those quantities blows up as the mesh gets finer, and no fixed-size correction can repair
the reference. The Feldman—Hajek theorem tells us exactly when this happens.

Intuition. Two Gaussian measures are equivalent if and only if a single, infinitely resolved sample
cannot tell you which of the two produced it. If one perfect sample can tell them apart, they are
mutually singular.

Everything below builds toward this sentence and then checks it with numbers.

1.1 Equivalent and singular measures

Definition 1.1. Let P, @ be probability measures on the same space.

e () is absolutely continuous w.r.t. P (Q < P) if P(E) =0 = Q(E) = 0 for every event E.



e P and @ are equivalent (P ~ @) if @ < P and P < @: they have the same impossible
events.

e P and Q are mutually singular (P L Q) if there is an event F with P(E) =1 and Q(F) = 0:
they live on disjoint sets.

By the Radon—Nikodym theorem, @Q < P exactly when there is a density % with Q(F) =
I} B ill% dP. For equivalent measures the density is finite and positive (P-almost surely).

Finite dimensions: equivalence is the default. P = N(0,1) and Q = A(0,1.5%) have

dq 1 72 9
)= —exp(E(1-15" )
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which is finite and positive for every x (Fig. 1b). The only way two Gaussians on R™ can be singular
is if one is degenerate and lives on a lower-dimensional subspace (Fig. 1c). In general, two non-
degenerate Gaussians on R" are always equivalent, however different their means and covariances
are.

(a) two Gaussians on the line (b) dQ/dP: finite and > 0 everywhere = equivalent (c) singular: Q lives on a line P never hits
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Figure 1: Finite dimensions. (a,b) Two non-degenerate Gaussians are equivalent: the density ratio
is finite and positive everywhere. (c) A degenerate Gaussian sits on a line, which has probability 0
under N(0, I3), so the two measures are singular.

So singularity is an infinite-dimensional phenomenon. On a function space, as on an ever-finer
mesh, it arises without any degeneracy.
1.2 Infinitely many independent coordinates

Take x = (21, x2,...) with
P =N(0,I), Q = N(0,diag(1 +t;)), t; > —1.

t; is the relative change of variance in coordinate j. Restricted to the first n coordinates, both mea-
sures are non-degenerate Gaussians and the log density ratio of one sample is a sum of independent
terms:

O () zlogﬁ(:p) :Z [—%log(l +t)+ 3 i :1:2} (1)



Mean and spread of the one-sample statistic. Using Emf = 1 under P, ESE? = 1+t; under
Q and Var(:c?) = 2(1[*3:6?)2:

EQenZQZ —log(1+t;)) = KL(Q| P) ~ Zt

Ep fy ; <log(1+tj) o) =- P||Q —th
1 tj 2 1 2
Varp l, = 5 (1+th) QEZt]»,
J J

where ~ is for small ¢;. The two histograms of ¢,, (one for samples from P, one for samples from
Q) are therefore separated by about 3 50 t2 while each has width about 4/ % > t?. Their separation

in units of width is
gap Z
width V2 &isn £

Proposition 1.2 (Diagonal Feldman-Héjek). If Zj tjz = o0, one sample identifies the measure
with certainty asn — oo, so P L Q. If Zj t? < 00, the histograms keep a fixed overlap and P ~ Q.

The rigorous version is Kakutani’s theorem (1948). Products of equivalent measures @) P;
and @ Q; are equivalent iff the product of Hellinger affinities Hj pj is positive, and otherwise
singular. For one Gaussian coordinate
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so[[p;j >0 <= > t? < 00. Note the dichotomy: there is no in-between. Gaussian measures are
either equivalent or singular.

i.i.d. case. With t; = 0.2 for all j, every coordinate is a harmless 20% change, yet Zt? = oo.
Fig. 2 shows the best one-sample test, “say @ iff £, > 07, going from coin-flipping at n = 1 to never
erring at n = 10*. The reason is the law of large numbers: %Zx? — 1 under P and — 1.2 under
Q. These two events are disjoint and carry probability one under their own measure.

n = 1: testerror 0.470 n = 10: test error 0.417 n = 100: test error 0.260 n = 1000: test error 0.018 n = 10000: test error 0.000

I sample from P
F sample from Q
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Figure 2: t; = 0.2 in every coordinate. Histograms of the one-sample log likelihood ratio (1) under
P (blue) and @ (orange). The title gives the error of the best test. As the number of coordinates
grows the histograms separate completely: singular.



Decaying perturbations. Fig. 3 compares three sequences: t; = 0.2 () t2 = oo, fast), t; =
joUA (Zt2 S i7Y2 = o0, slow), and t; = 1/ (Zt2 =m2/6). Fort; =1/j the affinity, the test
error and the histograms all freeze as n grows: extra coordlnates bring no new evidence. That is
what equivalence looks like.
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Figure 3: (a) The Feldman-Héjek quantity >, J (b) The overlap of P and @) (Hellinger affinity).
(c) The best one-sample test error. (d—f) Histograms at n = 10%. Only ¢; = 1/, with a finite sum,
keeps a permanent overlap.

1.3 Mean shifts and the Cameron—Martin space

So far P and @ had the same mean and different variances. Now keep the covariance and move the
mean:

P:N(()?In)a Q:N(maln)7 m:(mhamn)

Every x; still has variance 1; under @ it is centred at m; instead of 0.

The one-sample statistic. Writing out the two Gaussian densities, the x? terms cancel and

bu(a) = log T2 (@) = 3" (mya; — 4m?) = (m,x) — ]

J=1

This is a matched filter: project the sample onto the direction m and compare with the midpoint.
It is linear in x, so it is exactly Gaussian:

z~ P (mz)~N(O,|m|?) = o~ N(=3lml?, m]?),
v~ Qi (myx) = |Im|* + (m, 2) = o~ N(+5lml?, m]?).

The two histograms are separated by |m||? and each has width ||m||. Gap over width is ||m/||, and
the best test (say @ iff £, > 0) has error ®(—||m|/2).



Geometric picture. Along the direction m/||m|| the noise has standard deviation 1 (white noise
has the same spread in every direction), while the signal has length ||m||. The signal-to-noise ratio
is ||m||. Each coordinate contributes m]2 to ||m||?, so mj2 is the evidence coordinate j supplies, just
as t? was for variances.

P~Q < |m|> =) mj < oo,
J

Examples (Fig. 4).

e m; =1/j: |m|* = 72/6 ~ 1.64, ||m| =~ 1.28. The error freezes at ®(—0.64) ~ 0.26 however
many coordinates are added: equivalent.

e mj =1//7j: |Im|? =3.1/j ~ logn + 0.58 — co. The error decays to 0, but only logarith-
mically: at n = 10%, ||m|| ~ 3.1 and the error is still ~ 0.06. Even so, it is singular. Each
individual shift m; — 0, but not fast enough.

When the coordinates are not white: the Cameron—Martin space. For a general prior
P = N(0,C) with eigenpairs (\;, ¢;), coordinate j has noise standard deviation /X;. A shift
mj = (m, ¢;) must be measured in units of that noise: whitening gives m; = m;/4/\;, and

2
m#
P~Q = Z)\—J: 1IC~2m|? < 0 <= m e Hp:=C'?H.
— N
j

Hp is the Cameron—Martin space of P. Because A; — 0 quickly for a smooth prior, fine-scale
coordinates are expensive. A shift that has any appreciable fine-scale content is fatal, because the
prior has almost no noise there to hide it in.

For our SPDE prior. (k? — A)u = ¢ has \; = (k% + )72, where the p; are the Dirichlet
Laplacian eigenvalues. Then

IC™2ml® =Y (K + uy)Pm] = ||(+* = A)ml[Z,
j

so Hp = {m: (k2 — A)m € L?, m = 0 on 99}, the Sobolev space H? with boundary conditions.
Two consequences follow.

e A typical sample is not in its own Cameron—Martin space. For a sample u, (k2 —

A)u = ¢ is white noise, and [|£]|2, = Z@Q = 00. So shifting the prior by one of its own
typical draws gives a singular measure. The Cameron—Martin space is much smoother than
the samples: it has probability zero under P.

e Deterministic wells. A known pumping ¢ = & + a g shifts the mean by m = a(k? — A)~!g.
Then ||C~Y2m| = |a|||g||z2, so the shifted prior is equivalent iff g € L?. A smooth or
extended well is fine. A point well g = d,, is not in L? (in any dimension), so its mean shift
is singular. On a mesh, § becomes a spike of height 1/h% at one node, and ||g||?> ~ h=% — 0.

The random wells of the project (a ~ N(0,c¢)) give the covariance version of the same condition.
In whitened coordinates the added eigenvalue is t = ¢ ||g||%2, finite iff g € L? (§1.6: t =chg'g).



(a) [[m||? over the first n coordinates (b) one-sample test error ®(—|m||/2)
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Figure 4: Mean shifts. m; = 1/ has finite |[m/|, so the measures are equivalent. m; = 1/4/j has
infinite ||m||, so they are singular.

1.4 The Feldman—Hajek theorem

Remove the diagonal assumption. Let H be a separable Hilbert space (L?(Q2) for us), and P =
N (mg, Cp), Q@ = N(mq,C1) Gaussian measures with injective trace-class covariances.

Theorem 1.3 (Feldman 1958, Héjek 1958). P and @ are either equivalent or mutually singular.
They are equivalent if and only if

L o~1/2 1/2 .

(i) Cy’"H = C,'"H (same Cameron—Martin space);

(ii) my —mo € Cy/*H;

(iii) T = C, 20 Cy /2 _ I is a Hilbert-Schmidt operator, i.e. |T||%g = > t2- < 00, where t;
are the ezgem}alues of T.

See Da Prato & Zabczyk (2014, Thm. 2.25) or Bogachev (1998, Thm. 2.7.2).

How to read it: whitening. Let z = C()_I/Q(u—mo). Under P, z is white noise, N'(0,I). Under
Q (taking my = myg), z ~ N (0,1 +T). In the eigenbasis of T this is exactly the diagonal problem
of the previous subsection, with the t; now the eigenvalues of 7. Condition (iii) is Zt? < 00.
Condition (ii) is Zm? < oo in whitened coordinates. Condition (i) is the technical requirement
that T' is well defined and I + T is invertible, so no t; reaches —1.

KL divergence. When P ~ () (zero means),
QIP) =13 (t; —log(1+1t;)) = (tr T —logdet(I + 7)), (2)
J
which is finite exactly when Zt? < 00, since t — log(1 +t) ~ t2/2. If P 1 @Q, then KL = co.
The mesh-refinement test. On an N-node mesh everything is finite. Compute the N x N

matrix Ty and watch ||Tx|r and KLy as N grows. A plateau means P ~ (. Growth without
bound means P 1 . This is the diagnostic used in the main project (figures F1, F2).



1.5 Random functions: range versus amplitude

Take the 1D version of the reference prior on [0, 1] with «(0) = u(1) = 0:
(k2 =P u=rTE&.

The sine functions ¢;(x) = v/2sin(jrz) are eigenfunctions of —92 with \; = (j7)2. Hence

7_2

u = ; ¢ 9js cj ~ N(O, W> independent.
Two such priors are diagonal in the same basis, with 1 +¢; = VaTQ(Cj) /var P(Cj).

2.y, 2 .2
e Range change ko — r1 (with 7 fixed): t; = (%)2 -1= 2(';027]51) So Zt? < oo:
1 J

equivalent.

e Amplitude change 70 — 7y: t; = 72/78 — 1 for every j. This is the i.i.d. case: singular.

2,
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Figure 5: (a) One sample from the reference (7 = 1,k = 6), a range change (k = 2) and an

amplitude change (7 = 1.3), all driven by the same white noise. (b) Coefficient variances: the
range change merges with the reference at high modes, while the amplitude change stays parallel
forever. (c) t;. (d) Yt converges (to ~ 104, dominated by the first mode) for the range change
and grows linearly for the amplitude change.

The surprise (Fig. 5a). The range change looks the most different to the eye, with bigger and
smoother excursions, yet it is the equivalent one. The amplitude change looks almost like the
reference, yet it is singular. Equivalence is decided by the fine scales, because there are infinitely
many of them. A large-scale difference lives in finitely many modes, however dramatic it looks, and
a single sample can never confirm it with certainty.

Higher dimensions. In d dimensions the number of modes with A\ < A grows like A%2, and
for a range change t ~ 1/\. Then > t? ~ [ A2-IA=2 A < oo iff d < 4. Range changes are
harmless in d < 3, which is Bolin & Kirchner’s Cor. 3.3.



The flip side: what one sample can teach you (microergodicity). Fit (7, ) by maximum
likelihood to one sample resolved to NV modes. The Fisher information is

2
IT(N)zzT—];r%oo, IH(N):;Z (I;f)\]) — const < oo.
J<N

7 becomes exact as the sample is refined, while & never settles (Fig. 6). In the notebook the spread
of 7 falls from 0.26 to 0.01 between N = 16 and 4096, while the spread of & stays near 2.5. This
is the same fact as before, seen from the other side: parameters that change the measure’s class
are learnable from one sample, and parameters that keep it equivalent are not. 7 (more precisely
0?Kk% in Matérn form) is the microergodic parameter (Zhang 2004).

(a) T from ONE sample: shrinks to the truth (b) kK from ONE sample: never settles (c) Fisher information in one sample
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Figure 6: Maximum-likelihood estimates from a single sample (300 replicates, truth 7 = 1,k = 6).
(a) 7 converges as the resolution grows. (b) & does not. (c) Fisher information: unbounded for T,
bounded for .

Link to the project. Because k costs almost nothing in likelihood, it is the knob a stationary
fit turns to absorb unmodelled large-scale variance. With the wells present, M1 slid to & ~ 0.
1.6 Back to the aquifer, in one dimension

Discretize —(Ku') + k?(x)u = ¢ on N interior nodes with spacing h = 1/(N + 1), with K evaluated
at cell faces. This gives a tridiagonal A with Au = ¢. With discrete white noise & ~ N(0,1/h),

Y=htA71ATT, precision Q@ = h AT A.
Choosing the square root 2(1]/2 = h_l/zAa1 gives
I+T=%;"?5,5;""=BBT, B=AyA]",

so the eigenvalues of T" are the squared singular values of AoAfl minus one. The reference is K =1,
k? = 36. The three truths are:

truth change place in the equation
well g=£&+ag, a~N(0,50), g asmooth bump with [g> =1 source

leakage k2(z) = 36 — 30 ¢ ((#=0.75)/0.06)* zeroth order

lens K(z) = e*®) b~ 1 on [0.4,0.6] principal part




well (source): well shape g(x)

leakage (zeroth order): k%(x) (reference 36)

351

lens (principal part): K(x) (reference 1)
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Figure 7: Top: the three departures. Bottom: one head sample under the reference (grey) and
under each truth (colour), all from the same white noise.

What to expect.

e The well adds the rank-one term c A ! ggTAa 7. In whitened coordinates this is a single

eigenvalue t = chg'g ~ c i g*> = 50 and zeros elsewhere. That is trivially Hilbert-Schmidt:
equivalent.

The leakage change perturbs the operator by a bounded multiplication, dx2, which is lower
order than —92. Whitened, it behaves like (5% —82) ™! times something bounded, so t; ~ 1/\;:
Hilbert—Schmidt in d < 3. Equivalent.

The lens changes the highest-order term. At fine scales A; =~ —3, K0, and Ay =~ —8%, SO
BB acts locally like multiplication by K (z)~2, and T like multiplication by K=2 — 1. A
multiplication operator is not compact. A fixed fraction of all N eigenvalues (the fraction of
the domain covered by the lens) sits near e — 1 ~ —0.86, so ||T'||% o< N. Singular.

N  well leakage lens
32 50.00 0.638 2.34
128 50.00 0.635  4.46
512 50.00 0.635  8.80
2048 50.00 0.635 17.52

|Tn||F from the notebook. The lens grows by v/2 per doubling of N.

In 2D, N = n?, so ||T||r o< n and KL o< n?, which is exactly what the main project measured (F1).
Note the scale. The well has a much larger ||T'||z (50) than the lens at any mesh shown here, yet it
is the lens that is singular. As with the range change, what matters is not the size of the departure
but whether it reaches the fine scales.



(a) |IT|lF under refinement (b) KL(Q|P) = %Z(t— log(1 +1t)) (c) all eigenvalues of T at N = 1024 (sorted)
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Figure 8: (a) ||T||# and (b) KL under mesh refinement. The well and the leakage are flat; the lens
grows like v/N and N. (c) All eigenvalues of T' at N = 1024: about 20% of them sit at the symbol
value K=2 — 1.

The one-sample test, for heads. Repeat the experiment of Fig. 2 with real head fields, using
dp
log TM(U) = log |A1| —log |Ao| — & ([l Avull* — [|Aoul|?),

and a Woodbury form for the well. Fig. 9 shows the result. For the well and the leakage the error
of the best test does not change with N: a finer mesh gives no new evidence. For the lens the error
drops to zero. A finely resolved head field carries the lens’s fingerprint in every small-scale wiggle.

1.7 Take-aways

1. Equivalence means the same null sets, which means a density d@Q/dP exists, which means one
perfect sample cannot tell the measures apart.

2. Diagonal case: equivalent iff Et? < oo (variances) and Zm? < oo (means). Feldman—
Héjek is the same statement without a basis: T is Hilbert—Schmidt and the mean lies in the
Cameron—Martin space.

3. The decision is made at the fine scales. Large-scale changes (range k, wells, leakage) are
harmless however big they look. Changes that persist down to the smallest scales (amplitude
7, conductivity K) are fatal however small they look.

4. Practically: what a fine sample determines exactly (7, K) cannot be “corrected” with finitely
many directions, and what it never determines (k) is a cheap knob a fit can slide along.

Check yourself. 1. Is t; = 1/4/j equivalent or singular? Compute Zt?

2. A constant conductivity K = 2: equivalent or singular? (Hint: —V - (2Vu) + x?u = € is
2(%2 — A)u = & Which parameter of §1.5 changed?)

3. The well’s source shape g must be in L?, so that its head response (k2 —A)~!gisin H?. What
happens to t = chg' g when g becomes a delta at the grid scale (¢; = 1/h at one node)?

Next chapter (planned). Whitening and the operator T' in 2D; why the lens’s T is “multipli-
cation by K2 — 17 (symbols of differential operators); then how the finite-rank model M3 sees T
through sample covariances (Marchenko-Pastur, BBP).
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well (source), N = 64: error 0.138 well (source), N = 512: error 0.128 well (source), N = 4096: error 0.129

B from reference

H from truth

0 20 40 60 80 0 20 40 60 80 0 20 40 60 80

leakage (zeroth order), N = 64: error 0.449 leakage (zeroth order), N = 512: error 0.448 leakage (zeroth order), N = 4096: error 0.437
from reference
v_. T T T v._ u T T VJ — T T
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from reference
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Figure 9: One-sample log likelihood ratio, reference versus truth, at N = 64,512,4096. The well
(error &~ 0.13) and the leakage (error ~ 0.44) are stable: equivalent. The lens error is 0.006 — 0.000:
singular.
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